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= K?L*V?*(2L — 1) + (2L — 1)(3L — 4V)V (32)
ML/2 <V < L— 11, K820 iA(10),
GIES;
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= K?L*V?*(2L — 1)+ (2L — 1)

2 L—1
+2)°

Jj=1

2
L L
=1 =1

>

_ L
v=V-—-3
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QMR IE S
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WFF . SCER[14] I RITFFH TKENL € Lyr
i KME P41 BT 5 KMEF 5N ATSCa 7
F 5 WA [F] K BE 1 85 K MF 5 31 6 onare (L, 1, ) 53 5]
W2 0(20), 3X(26)5k(29). AR 2 1LAUE AT
M1, BKMF A A ATSAF AR 751

EI4 WK LNHE K = 3(modd)FIL € Ly

’

Hadamardfif5. EHF Hy FIRTLATHMH N - I K. ¥ Hoe o K + 1B Hadamard 56 [,
EX M Bk Hipepn 094150, JF 3% 8 AL AT 8 A0 B
S =[Hrxn,g1,9] (37) Hixk o EX
Hr, g1 =12100),0:1(1),...,01(L )] NATSAF S = diag{g} x Hpxx (40)
BARESL, BAEB, g ML L) WL (20): i, g RKENLIFS. Wie RATSAFRE
g2 79 Xfgy I e AT A28 BUR 13 3, RP Fe%, WS HATSAFHALF 54
g2(n) = (=1)"gi(n), 0<n<L—1, gfips(L,1,5) TERR o FARYUE 5 SR [14] B D A E W
2 (20): W SHATSAFR AT 514 M, FRE G e B e,
2L-1)(L-V)V, L=1(mod2)
(2L - 1)LV, L=0(mod4),1<V <L/2
ATSAF(S) = K*L*V*(2L — 1) +{ (2L - 1)(L - V)L, L=0(modd),L/2 < V<L (41)
(2L —1)(3L — 4V)V, L=2(mod4),1<V <L/2
(2L —1)(L — V)(4V — L), L=2(mod4),L/2 <V <L

N AR B E P
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Bl wL=4, K=17. MRS HadamardiE
FEMIA1%], FFEPERTa T R RE H 47> BRI
FRNTT
=4
T
-
HAr, +f— RFRRIAM-1. HCER[14]) %R
A5, g = [++ —+]" 2 KE N4 R AMEF 51
A e B4, MIE RN < TR e 54

ﬁ4><7 = (42>

A+t

I e e

S=1 e (43)
——++——4

W1<V <L=4, SHIAEFIARMEARY R
FENS,, K/ANATx49V . HEH1a &, H41<
V<L/2W, SIIATSAFH ¢ F A 5488V 2+
V. ML/2<V < LI, SHATSAFHIE FAN
5488V2 4 28(4 — V) o H T ATSAF(S) = TSC(S,) »
AT LIS S, M TSCHI AT 5 8 S IATSAF
B RIFHIH T STEAFZE BV FIAT-
SAFHMEIL TR . HTSHATSAFHEMEIRT
RAEAF Z W SR AL v IR A2, 0 P AR 3 (1)
S NATSAF &AL T H4E .

#z 1 P FHIESHATSAFEFEL TR

1% 1 2 3 4
ATSAF(S) 5516 22008 49420 87808
g T 5 5516 22008 49420 87808
i ~
5 21:1 'lfe

A B E| I AR SE AL il R b AT g
A R R 2 RS AL, R ST AR IR A RIS
JEHIFES, o FETHFES,, Sl T ZJuF ik r
ATSAFEIR T 7, Wil T ANFAZH N REEIARIATSAF
BT A ZICP 5%,
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In direct-sequence code division multiple access systems, the performance of spreading sequence sets

is commonly evaluated using the total squared correlation metric. Traditional metrics such as total squared

correlation and aperiodic total squared correlation are applicable only to synchronous communication systems

and asynchronous systems with time shifts only, respectively. In modern high-speed mobile and satellite
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communications, the Doppler effect becomes significant. It causes both time and Doppler shifts in the received
signal and leads to severe signal distortion. In communication scenarios that consider only time shift, the one-
dimensional correlation function is typically used to measure system interference. However, in high-speed
mobile environments the Doppler effect appears during signal transmission. Both time shift and Doppler shift of
the sequence must therefore be considered simultaneously. In such cases, the two-dimensional ambiguity
function should replace the one-dimensional correlation function. To mitigate Doppler effects, recent studies
have focused on the design of Doppler-resilient sequences for mobile channels. Existing work mainly studies
theoretical bounds of the ambiguity function, particularly the maximum ambiguity magnitude. Sequence sets
are then constructed to achieve or asymptotically approach these bounds. This study instead examines the
overall ambiguity function performance of binary sequence sets in asynchronous communication, namely the
Aperiodic Total Squared Ambiguity Function (ATSAF). The objectives are as follows. First, the theoretical
lower bound for the ATSAF of binary sequence sets is derived. Second, several classes of optimal binary
sequence sets that achieve this bound are constructed based on the derived ATSAF bound.

Methods The aperiodic time-phase cycling extension matrix S, is defined for a binary sequence set S
consisting of K sequences of length L to account for both time shifts and Doppler shifts. This definition
converts the computation of the ATSAF for the sequence set S into the calculation of the total squared
correlation of the matrix S,. The theoretical lower bounds for the ATSAF of the binary sequence set S are
then derived for different combinations of the set size K, sequence length L, and Doppler shift V. To design
binary sequence sets that achieve these ATSAF lower bounds, it is first proven that binary aperiodic
complementary sets form ATSAF-optimal binary sequence sets. Furthermore, two additional classes of optimal
binary sequence sets are constructed using Hadamard matrices and specific sequences. These sets are proven to
achieve the theoretical ATSAF lower bound.

Results and Discussions Existing studies mainly examine the maximum ambiguity magnitude of sequence sets,
whereas this study analyzes the overall ambiguity function performance. The one-dimensional aperiodic total
squared correlation analysis for asynchronous communication with delay only, studied by Ganapathy et al., is
extended to the two-dimensional ATSAF, which considers both time delay and Doppler shift. First, the
aperiodic time-phase cycling extension matrix S, is defined for a binary sequence set S (Definition 3). The
theoretical lower bounds for the ATSAF of the binary sequence set S are then derived for different parameters,
including set size K, sequence length L, and Doppler shift V' (Theorem 1). When the Doppler shift V' = 1, the
derived ATSAF bound reduces to the aperiodic total squared correlation bound. Binary sequence sets that
achieve these ATSAF bounds maintain the overall cross-interference energy in the two-dimensional delay-
Doppler domain at its theoretical minimum. To construct such sequence sets, it is first proven that binary
aperiodic complementary sets are ATSAF-optimal binary sequence sets (Theorem 2). Furthermore, two further
classes of ATSAF-optimal binary sequence sets are constructed using Hadamard matrices and specific sequences
(Theorems 3 and 4). Finally, an example demonstrates that the sequence set constructed in Theorem 4 is
ATSAF-optimal (Example 1).

Conclusions In high-speed mobile communication scenarios, Doppler effects cause distortion in received
signals. By defining the aperiodic time-phase cycling extension matrix S, for a binary sequence set S, the
theoretical lower bound for the ATSAF is derived. This bound specifies the minimum theoretical value of the
total energy of the binary sequence set S in the two-dimensional delay-Doppler domain. When Doppler shifts
are not considered, the derived ATSAF bound reduces to the aperiodic total squared correlation bound.
Furthermore, three classes of ATSAF-optimal binary sequence sets that achieve this theoretical bound are
constructed using binary aperiodic complementary sets, Hadamard matrices, and specific sequences. These
sequence sets maintain the overall cross-interference energy at the theoretical minimum in the two-dimensional
delay-Doppler domain.

Key words: Aperiodic total squared ambiguity function; Ambiguity function; Aperiodic total squared

correlation



	1 引言
	2 基本概念
	3 非周期完全平方模糊函数理论界
	4 三类达界的最优构造
	5 结论
	参考文献

